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Abstract 

We study a class of Calogero-Sutherland type one dimensional N-body quan- 
tum mechanical systems, with potentials given by 

v(x 1 ,x 2 ,---x N ) =J2i — ^— « - ^ — r~ ^ + u LlYj( Xi ~ x i) 2 )> 



where U(yJ2i<j( x i ~ £j) 2 )'s are of specific form. It is shown that, only for a 
few choices of U, the eigenvalue problems can be solved exactly, for arbitrary 
g' . The eigen spectra of these Hamiltonians, when g' 7^ 0, are non-degenerate 
and the scattering phase shifts are found to be energy dependent. It is further 
pointed out that, the eigenvalue problems are amenable to solution for wider 
choices of U, if g' is conveniently fixed. These conditionally exactly solvable 
problems also do not exhibit energy degeneracy and the scattering phase shifts 
can be computed only for a specific partial wave. 
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It has been more than twenty five years since Calogero formulated and solved one 
dimensional N-body problems with quadratic and/or inverse square, pairwise interacting 
potentials. 1 The former case, with the Hamiltonian (u = 1) 

yields a degenerate bound state spectrum with energy given by E n ^ = In + k + Eq. Here, 
n, k are integers and E = ^N(N — l)(a + |) + |(iV — 1) is the ground state energy; 
a = + 2g. The purely inverse square potential gives rise to only scattering states, 
where the phase shifts are independent of energy. Although, this model was projected as a 
toy model, pending extension to higher dimensions, it has since been found to be of relevance 
in many other contexts e.g., spin systems, 2 fractional statistics, 3 conformal field theory and 
chaos. 4 Soon after Calogero's work, Sutherland extended this to a model, where interaction 
takes place on a circle. 5 Recently, another N-body problem with the potential, 6 

V(x 1 ,x 2 ,x 3 ---x N )=Y, ( 9 r) 2 - m = , 2 > ( 2 ) 



has been shown to be exactly solvable with degenerate spectrum: E U:k = — ^ ( n+fc+6+ i) 2 ; 
where b= |(JV - 3) + ^N(N - l)(a+ \). In addition to the pairwise 'centrifugal' term, this 
potential contains a N-body interaction term. It is then natural to ask, if there exists other 
potentials for which the N-body problems can be solved exactly. This is of importance, since 
exactly solvable N-particle systems with long-range interactions are few and far between. It 
is also of interest to find out the common origin of solvability of these models. The study of 
the degeneracy structure is also of significance because of its deep connection with symmetry. 

In this letter, we present a class of potentials, containing both pairwise inverse square 
and N-body interaction terms, of the type 



v( Xl ,x 2 ,x 3 ---x N ) = E ry 9 _ T ]2 ~ v it _ T ]2 +£ / C/E(^-^) 2 ) • ( 3 ) 

It is shown that, when U = -^Y^<j{ x i ~ x j) 2 an d g' ^ 0, the above general- 
ized Calogero type model can also be solved exactly with E n ^ = 2n + + |. Here, 
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\ k = — \ + \J(k + b) 2 — Similarly, when U = -, = , the above model gen- 

eralizes that of Khare, with £" n)fc = — 4lv (Tv+A^TTp" ' ^ k * s as &i ven above. The striking feature 
is that, these generalized models do not exhibit energy level degeneracy. In the corresponding 
scattering problems, the phase shifts are found to be energy dependent unlike the example 
of the Calogero model. For arbitrary g', we have not found it possible to solve the eigenvalue 
problem for other many-body potentials. 

However, we find that, for some other choices of U, the eigenvalue spectra can also be 
obtained exactly, provided the parameter g' takes suitable values. These models provide 
the N-particle analogs of the conditionally exactly solvable (CES) systems in one variable 
quantum mechanics. 7 The scattering phase shifts for these CES examples can be computed 
only for a given partial wave in the k channel and is found to be energy dependent. 

The N-body Hamiltonian of interest describes identical particles of mass m in one di- 
mension (H = 2m = 1; g > — |) 

H =-J2^+J2 - y rfz - v + uUn* - ^) 2 ) > ( 4 ) 

where, we have to solve the eigenvalue equation 

Hip = Eip . (5) 

Here, ip is taken to be a translation invariant eigenfunction. We restrict our attention to the 
sector of the configuration space with a definite ordering of the particles, 

i.e., Xi>x i+ i . (6) 

This can be done in one dimension, since the particles cannot overtake each other because 
of the mutual repulsive potential. The normalizable solutions of Eq. (5) can be written as 

V>(a;) = Z a ^ 0(r) P k (x) , (7) 



where, Z = U?<j(xi-Xj), i = 1, 2, • • • N, and a = + 2g. Here, r = ~ Xj) 2 

and Pk(x) is a homogeneous, translation invariant, symmetric polynomial of degree k in Xj's, 
satisfying the generalized Laplace equation 



d 2 o . i. " i , d d 



P k {x) = . (8) 



-i dx{ 2 2 (xj Xj) dxi ^Xj 

On substituting Eq. (7) in Eq. (5) and making use of Eq. (8), along with the properties 
of the translation invariance and homogeneity of Pk(x), 1 one finds that 0(r) satisfies the 
following differential equation 

- [</>» + {2k + 2b + 1} V(r)] - [J[L - U(VNr) + E\<t>{r) = , (9) 
where 6=M^ a+ ^v±i) _|. 

Removing the first derivative term in Eq. (9) by writing, 

<Kr) = r-« +1 > X (r) , (10) 
we find x(r) satisfies the radial Schrodinger equation 

- X(r) + _ J_ + C/(VAT r )] x ( r ) = Sx (r) , (11) 

with the identification of i = k + b — \. 

When U(r) = 0, this problem is similar to that of the Calogero problem with purely 
inverse square interaction and if U(r) is chosen to be the harmonic potential, the problem 
reduces to that of the Calogero type with harmonic confinement. Similarly, if U(r) is taken 
to be of Coulomb form, the problem generalizes the one given in Ref. 6. These two models 
can be solved for general values of g', provided, it is suitably chosen so that the quantum 
mechanical problem is well defined in the variable 'r'. 8 In both these examples however, the 
degeneracy is completely removed unlike the g' = case. 

The energy eigenf unctions and eigenvalues for the harmonic case (co = 1), i.e., when 
U = ^ Y.f<j{xi -Xjf reads, 

^ Xk = Z a+ ^ y^e-^L^iy) P k (x) (12) 



and 



E nyk = 2n + A fc + - . (13) 



Here y = \r 2 and 



x * = -\+h+ b ) 2 -jt ■ (14) 



Notice that the energy levels are non-degenerate for finite values of g' and N. In the limit 
g' — > , the above result smoothly goes over to the Calogero case. This is analogous to the 
three dimensional oscillator problem, where the presence of an additional centrifugal term 
removes the degeneracy. 9 

When U(r) = , 9 " i.e., Coulomb type and g' ^ 0, the corresponding eigen- 

value problem can be solved analogous to the generalized Calogero system and the eigenval- 
ues and the corresponding eigenfunctions are given by 

g" 2 i 



E n ,k 



AN (n + X k + l) 2 
and 

^ Xk = e- 1 ^ L n 2X ^(y) P k (x) . 

respectively. Here y = 2 N{n+\ k +i) 2 ' ^ k ^ s gi ven 

by Eq. (13) and I = k + b - \. One can 
immediately see that the energy levels are non-degenerate. 

In order to discuss the scattering scenario, one needs to find the positive energy solutions 
i.e., E = p 2 > and their asymptotic behaviour, when all particles are far apart from each 
other. For the sake of comparison, we briefly outline below the derivation of the scattering 
phase shifts in the Calogero model. In this case, the positive energy eigenfuctions are given 
by (using the same notations as in Ref. 1) 

^ = Z a ^r-^J (A+k) P k {x) . (15) 

The most general stationary eigenfuction can be written as 

oo g{N,k) 

^ = Z a ^ ]T ]T c kq r- A - h J A+k P kq (x) , (16) 

k=0 9=1 



where, Jf, is the Bessel function; A = |(7V — 3) + ^N(N — l)(a + \) and p = y\E\. The 
asymptotic limit of Eq. (16) is given by 



^~V in + ^° ut • (17) 

Here, 

1 oo g(N,k) 

i; m = (-npr)^Z^r- A Y: E c kq e^ A+k+ ^~^ P kq (x) 
1 k=0 g=l 

and 

1 , 9{N ' k) i i 

^ fc=0 g=l 

This can also be characterized as an incoming and outgoing plane wave, involving iV-particles 

as 

AT 

Vfo = cexp{iJ2piXi} (18) 
i=\ 

and 

AT 



= e M7r cexp{zEPA r +i-^i} , (19) 

i=l 



respectively, by choosing c kq s appropriately and making use of the properties of symmetry 
and the homogeneity of P kq (x). Notice that the final momenta, p\, is given by p\ = p^+i-i- 
One can also immediately see that, the scattering phase shifts are energy independent. 

Following the Calogero case, in our model with g' ^ and in the absence of harmonic 
confinement, the positive energy eigenfunctions are found to be 

Vfc = Z a ^r- (k+ V J Vk P k (x) . (20) 



Here, J Vk is the Bessel function; v k = \J{k + b) 2 — and p = \]\E\. In the asymptotic limit, 
ip k can be written as 



where 



ifjt 1 ~ (27vpr)-^Z a+ ^r- ik+b) e l{uk+ ^~ ipr P k {x) (21) 



and 



~ {2npry^Z a+h 2r- (k+b) e~ i{uk+ ^ +ipr P k {x) . (22) 



However, the phase shift for each partial wave in the k channel is e~ t7rUk , which is energy 
dependent. Although, we can write the most general stationary eigenfunction as in Eq. (16), 
the initial scattering situation characterized by the initial momenta pi (i — 1, 2, N) can 
not go over to a final configuration characterized by the final momenta p\ = pw+i-i unlike 
in the Calegero model. This is because, all the partial waves with the quantum number k 
get phase shifted, with phase shifts depending on energy. 

Apart from these cases, we observe that, in the radial variable 'r', the reduced Schrodinger 
equation is not amenable to solution for other cases in the presence of the centrifugal term. 
At this stage, if one imposes the condition that g' = Nl(l + 1), akin to the CES quantal 
problems, 7 the corresponding Schrodinger equation reduces to 

- X "(r) + U{VNr) X (r) = E X (r) . (23) 

Here, one observes that U(V~Nr) can be chosen to be any of the known exactly / quasi- 
exactly solvable potentials, 10 in which case the energy spectra of the full Hamiltonian can 
be obtained by using the known results. 11 In these cases, the eigenf unctions of the original 
N body problem can be written as 

i> n {x) = Z a+ ^ r-V+V Xn ( r ) P k (x) , (24) 

which is same as Eq. (7) but with a fixed I (hence k). 

In this case, it is interesting to note that, once k is fixed, the energy spectrum has no 
degeneracy. We observe that this property will be a generic feature for all these CES N-body 
problems. 

For the sake of illustration, U(\fNr) is chosen as the Rosen-Morse potential. 11 The 
potential reads, 

U(r) = (A 2 + B 2 + A0y/N) cosech 2 (/3 'VAr) - B(2A + pVN) coth(/3v / iVr) cosech(/?v / iVr) . 

(25) 

The eigenvalues and the eigenfunctions are 

7 



E n = -(A - n(3VN) 2 (26) 

and 

= ^ h r'^ (y-l)^ (y + 1)^ 1 ie- s -^ { - X - s -^ty) P k (x) (27) 



respectively. Here P^ ,iy (?/)'s are the Jacobi polynomials, y = cosh/^yiVr, A = , s = ^^p, 
and I = k + b — \ 

The scattering solutions are obtained by analytically continuing n to (s — ^7^), as 
where F(y) is a hypergeometric function. Taking the asymptotic limit of ip, one gets 



= C + (29) 

where 

« = 2-^T(2iq)T(-s - iq)T(X + \ - iq) 

T(-2iq)T(-s + tq)T(\+± + iq) ' 1 } 

Here q = and 5 is the scattering phase shift. It is worth noticing that, in this CES 
potential, f% term is k dependent and as a result of which the degeneracy in k has been 
lifted. Although the incoming wave ipm(x) can be decomposed into partial waves as in the 
Calogero case, the phase shift can be obtained only for the specific value of k that appears 
in the coupling parameter g'. One cannot obtain any further information regarding the 
scattering of other partial waves unlike the previously considered examples. 

To conclude, we have obtained the complete energy spectra for new exactly solvable 
(ES) as well as a wide class of CES N-body problems in one dimension. In fact, addition 
of the term '— ^ — f ._ ^ ' in the potential enabled us to generalize all the known ES, CES 
and QES one variable quantum mechanical problems into ES or partially solvable iV-body 



systems in one dimension. The energy non-degeneracy is found to be a generic feature of 
all the above models, except in the case when U (r) is of harmonic or Coulomb form with 
g' — i.e.,Calogero or Khare case. In ES case, the energy dependent scattering phase shifts 
are obtained for each partial wave, whereas the phase shift in the CES case is known for 
only one partial wave. 

We also remark that, studying the algebraic structure, as was done in the Calogero 
model, 12 is of great relevance in order to find the underlying symmetries, if any, for the 
present models. Construction and analysis of the coherent states 13 is another direction worth 
exploring, since they will provide a better understanding of the semi-classical behaviour of 
these quantum mechanical models. 

We acknowledge valuable discussions with Profs. A. Khare, V. Srinivasan and S. 
Chaturvedi. We also thank R.S. Bhalla, E. Hari Kumar and G.V. Rao for useful com- 
ments. N.G would like to thank U.G.C (India) and C.N.K to C.S.I.R (India) for financial 
support through JRF and RA schemes respectively. 
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